Abstract-Induction heating is a process where a varying magnetic field is used to heat a conductor or workpiece. When a piece of metal or conductor is placed near a magnetic field created by energising a coil of wire, the magnetic field transfers energy into the conductor, thus heating it up. This paper presents three methods for modelling induction heaters at mains frequency. These models are known as the series equivalent 
INTRODUCTION
Induction heating is the heating of electrical conducting parts in a varying magnetic field. It involves electromagnetic induction, skin effect and heat transfer.
Electromagnetic induction describes the generation of a voltage in a conductor. It can happen in two entirely different ways; motional induction, where a conductor moves in a magnetic field, or transformer induction, where the circuit is stationary and the field varies with time [1]. Faraday's law of electromagnetic induction, which relates the generated voltage to the rate of change of flux, can take account of both effects.
Modelling an induction heater involves developing mathematical relationships of the physical process of electromagnetic induction. There are a number of models [2] [3] [4] [5] [6] [7] which are considered valid at high frequencies only. However, at mains frequency, the SEC model [7] is often used. This looks at the flow of magnetic flux through the coil, airgap and workpiece of an induction heater and converts these into an equivalent electrical circuit, where all components are in series. The circuit components of the coil and workpiece resistance, and coil, airgap and workpiece reactances, cannot be interpreted as being actual values that can be measured. It is their combined series impedance that yields appropriate terminal current, power and power factor for a given applied voltage that is most important.
An alternative presented in this paper is the transformer equivalent circuit (TEC). This models the induction heater as a single turn secondary transformer. Its advantage is that the currents and voltages associated with components of the induction heater are what you would expect to measure on components of an actual induction heater. It thus allows better insight to the design and operation of the heater. This paper presents the low frequency modelling of induction heaters using both the SEC and TEC models. Results from these two models are compared with those using FEA. The performance testing of an actual induction heater is then used to ascertain which model gives the best prediction of real performance.
II. SEC MODEL OF INDUCTION HEATER
This model of an induction heater is based on the series equivalent circuit depicted in Fig. 1 [7] . This equivalent circuit has the resistance of the coil and workpiece and the reactances of the workpiece, air gap and coil (Re, Rw, Xw, X g , and Xc) all in series. The SEC method requires the induction heater to be designed by obtaining the values of the resistances and reactances of the coil, workpiece and the air gap between them, and then solving the circuit. In these equations, fl r is the relative permeability of the workpiece, Aw is the cross-section of the workpiece, de is the coil inner diameter, be is the skin depth of the coil, A g is the air gap between the coil and the workpiece, fl o is the permeability of free space (4nxlO-7), Ne is the coil turns, and Ie is the coil length.
In the equation for the coil resistance and reactance, kr is a correction factor, allowing for the spacing between the turns (kr lies between I and 1.5, with l.l5 being a typical value).
The expression (3) for the coil resistance is dependent on relative permeability and do not appear dimensionally correct. However, this is an expression of the model that allows terminal conditions to be calculated. The individual component value calculated should not be interpreted as what you would measure in practice.
The p and q factors in the equation for the workpiece resistance and reactance can be estimated from graphs or calculated from analytical expressions [7] .
This set of equations is most relevant for long coils [8] . However, for short coils, a modification is suggested [8] whereby an external reactance Xe is placed in parallel with the series combination of RIV, XIV' Xg, and Xc' This reactance represents the impedance of the end effects of the external flux path. It can be calculated from where Re is given in [8] as
and ke is an empirical factor which is assumed to be 1, and Pc is the coil perimeter.
On the basis of the change in inductance of a cylindrical solenoid with length, it is possible to show that its external reluctance is practically independent of the length and equal approximately to 0.S7/de where de is the coil diameter [8] .
For an unknown reason, the addition of the short coil external reactance has since been regarded as "an ill-defmed quantity" and "manifestly wrong" [7] .
Hence, the long coil model is used in this paper. The addition of the short coil reactance would increase the current drawn from the supply and decrease the power factor.
III. TEe MODEL OF INDUCTION HEATER
An induction heater can be regarded as a special type of transformer with a single shorted turn secondary winding. The coil is the equivalent of a multiple turn primary winding, and the workpiece is the single turn secondary winding. The workpiece also performs the function of the transformer core, which the magnetic field generated by the coil passes through. Hence, a transformer equivalent circuit model is used to calculate the performance of the induction heater.
A. Transformer equivalent circuit
The TEe method determines the components of the circuit using the reverse design method [9] . It also calculates the performance of the induction heater.
The model of the induction heater is based on the transformer equivalent circuit depicted in Fig. 2 . This circuit is based on an ideal transformer, with additional circuit elements to represent the practical deviations from the ideal. The TEe circuit in Fig. 2 is relevant for low frequency modelling of induction heaters. 
The performance of the induction heater is then obtained by applying a voltage to the coil and measuring the current, apparent power, real power and power factor.
In this model, Rw represents the eddy current losses in the workpiece, which would normally be accounted for in the core of a transformer, Re is the resistance of the coil, and X,I1W is the magnetizing reactance which accounts for the current required to magnetize the core. Moreover, hysteresis losses, also normally a component of core losses in a transformer, are insignificant in induction heating. Hence the losses in the workpiece become resistance losses of the secondary winding.
The leakage reactance for each winding can be split between the coil and the workpiece as Xc and Xw' The leakage reactances account for the imperfect magnetic field coupling between the coil and the workpiece.
The parameters of the equivalent circuit in Fig. 2 are calculated using the basic dimensions and physical characteristics of materials used, as per the reverse design method [9] . These are entered as known data and then the individual circuit components are calculated using magnetic and electric circuit component models. Fig. 3 shows a cross-sectional profile of a multi-layer coil induction heater with a tube workpiece. All the symbols represent dimensions of the materials used in the construction of the heater, including the workpiece, insulation and the coil, where L W is the length of the workpiece, DW is the diameter of the workpiece, TW is the thickness of the workpiece, IWe is the workpiece/coil insulation thickness, we is the diameter of the coil wire, WIe is the coil interlayer insulation, and Doe is the outside diameter of the coil.
The equivalent circuit components in Fig. 2 need to be modified as the flux path is open and not entirely constrained to be inside the core. Thus modifications to the calculation of reactance x'nw is required as the core is no longer a closed loop. These are based on those derived for partial core transformers [10] [11] . The winding resistance models Re and Rw are maintained as they are not affected by the partial core configuration.
Fig . 3 . Cross-section of a multi-layer coil induction heater with a tube workpiece.
B. Coil resistance
If Ie is the length of the coil wire and Ac is its cross sectional area, then the primary winding or coil resistance is given by (12) where P c is the resistivity of the coil material. The value of the resistivity depends on the coil temperature as (13) where P 2 0 0 C is the resistivity at 20°C, Tc is the coil temperature, and /";.P is the thermal resistivity coefficient. The resistivity of all metals is considered to vary linearly with temperature.
The calculation of the winding resistance Rc also takes into account the coil skin depth and its effective cross sectional area. For the coil, the eddy current skin depth gives its effective thickness (14) where Jirc is the relative permeability of the coil, and ill is the angular frequency (2n1). The coil effective cross sectional area is calculated using the diameter of the coil and its effective thickness.
C. Workpiece magnetizing reactance
The magnetizing reactance x'nw for an open core induction heater is given in [11] as (15) where ill is the angular frequency, Nc is the number of tums on the coil, fl o is the permeability of free space (4nxlO-7), and fl re is the effective permeability of the magnetic flux path which includes the series combination of the workpiece and the return path, usually through air. Aw is the effective cross sectional area of the workpiece, calculated using the skin depth 6w, and Iw is the length of the workpiece.
D. Coil/workpiece leakage reactance
The coil and workpiece leakage reactances are calculated from the total leakage reactance which embodies the effects of both the coil and workpiece together. The total induction heater leakage reactance is given in [11] as (16) where ill is the angular frequency, We is the mean circumferential length of the coil, Ww is the mean circumferential length of the workpiece, Wcw is the mean circumferential length of the space between the coil and the workpiece, and J7d is the workpiece/coil insulation thickness.
The calculation of Xcw does not separate the values of the coil and workpiece leakage reactances and they are usually assumed to be the same. Each of them is half of the total leakage reactance.
E. Workpiece eddy current resistance
The workpiece eddy current resistance referred to the coil is calculated using (17) where P w is the resistivity of the workpiece, lwe is the effective length of the eddy current flowing around the circumference of the workpiece, Awe is the effective cross-sectional area of the eddy current path, and Nc is the number of coil turns.
The effective length and cross-sectional area of the eddy current path takes into account the skin depth in the workpiece A number of mild steel tubes of various diameters and thicknesses were cut to provide workpieces that fitted inside the coil. The dimensions of the workpieces are listed in Table  II . For the sake of calculation, the physical characteristics of the copper coil and mild steel workpieces were taken as given in Table III . These are generic values as the actual values were unknown. There may be differences due to the metallurgy of their manufacture. 
PHYSICAL PROPERTIES OF COPPER AND MILD STEEL
Having obtained all the parameters of the equivalent circuits from the material characteristics and dimensions, the performance of the heater could be calculated by solving the equivalent circuit equations and determining the current, power and power factor for a given applied voltage. In addition, efficiencies, voltage gradients, voltages per tum and current densities could be calculated.
IV. CALCULATED PERFORMANCE
To check the performance of the induction heaters, two programs were written in Matlab for the SEC long coil and the TEC models to perform all the above calculations. The various components of the SEC and TEC are given in Table IV . The value of the coil resistance should not be taken too literally. Indeed, for the actual as-build induction heater of the dimensions listed in Table I , the coil resistance was measured to be 2.15n. Rather, it is the total circuit that gives rise to terminal conditions that is of importance.
By contrast, the component values of the TEC are very different from those of the SEC. This is because the TEC is very different.
The coil resistance is about 10 times that previously calculated. It is a better indication of what was measured using a resistance meter applied to the coil conductor.
The workpiece resistance (referred to the coil) is also much larger (5 times) than that calculated from the SEC model. The actual resistance is very low, 4.8 /In. Again the value should be a reasonable indication of what you could measure. The workpiece resistance is much larger than the coil resistance and hence the efficiency should be high.
For this example, the leakage reactances are relatively small, which indicates that there is good coupling between the coil and the workpiece. A relatively long coil length and small coil/workpiece interspace ensures this. Thus the TEC model gives a useful measure of this feature. The value is about the same as the air gap reactance used in the series model, although here the value is used twice, for both the coil and the workpiece, as only the combined effect can be calculated. The TEC model is less dominated by the leakage (air gap) reactance.
The workpiece magnetizing reactance is much larger than the workpiece reactance used before. There is no direct correlation between this and the workpiece reactance calculated from the SEC model. Tables V and VI show the calculated performances of the induction heaters at a 100V supply. The calculated performances from the SEC model are significantly higher than the TEC model in terms of current, apparent power and workpiece loss. The same is not true for the coil loss. The power factors from the SEC model are twice those calculated from the TEC model. Both models yield the same flux density, but in all cases this is calculated to be a value significantly above that of the likely saturation value for mild steel.
For the SEC model, the short coil reactance, as suggested by Baker [8] , was calculated to be 57.4 Q. This is much higher than any of the other components and therefore had little effect on the results, increasing the current by about O.IA and insignificantly changing the power factor.
As a modification to the TEC model, the permeability of the workpiece is reduced until the flux density is below the saturation point. This means that the skin depth increases. The magnetizing reactance and the workpiece eddy current resistance are adjusted to account for this.
If the flux penetrates beyond the thickness of the workpiece, then part of the flux flows inside the workpiece. The parallel combination of this reluctance and that of the workpiece must be taken into account in calculating the workpiece magnetization reactance. Table VII shows the calculated performance of the induction heater for operation at the saturation point set at a realistic 1.7T. The workpiece losses are higher than those given in Table VI but still significantly lower than those calculated using the SEC model. The power factors have, in general, increased. V.
FINITE ELEMENT ANALYSIS
MagNet software [12] was then used to create a 2D FEA model of the actual heater. The coil and workpiece were modelled using axial symmetry. Because of its circular symmetry, only a quarter model of the coil and workpiece were required. The coil dimensions provided are internal diameter, outside diameter and length. Each coil was modelled as a block of solid copper that covers all the turns of that winding. The workpiece was created using its inside and outside diameters and length as well. The workpiece was modelled as a single block of isotropic linear material with relative permeability of 750 and a resistivity of 16x 10-8 Qm. Fig. 4(a) shows a quarter model of the coil and workpiece of the heater for workpiece 1. A quarter-model of the flux plot of the heater using workpiece 1 is shown in Fig. 4(b) . The coil is energised with a 100V supply. The maximum flux density in the workpiece is 1.7T which is equal to the set value for the TEC model. A small amount of fringing can be seen at both ends of the workpiece. Most of the flux is concentrated in the skin depth of the workpiece, which is about 1 mm for mild steel. Table VIII shows the performance of the experimental heater at 100V supply, calculated using FEA. All the workpiece maximum flux densities are at the assumed knee point of the B-H curve. The coil current and coil and workpiece losses are, in general, lower than those given in Tables V and VII 
VI. MEASURED PERFORMANCE
The test set-up consisted of a variac, power meter, current clamp and a multimeter, with a thermocouple to monitor the temperature of the workpiece.
The perfomance of the experimental heater is given in The flux density cannot be measured. The coil loss is calculated using the measured coil resistance and the measured current. The workpiece loss is then calculated by subtracting the coil loss from the measured real power.
The currents are lower than those calculated by any of the three models. The measured coil losses are close to those calculated from the SEC and FEA models, but quite dissimilar to those from the TEC model because of the current differences.
The workpiece losses are between those calculated using the TEC and FEA models, and much less than those calculated by the SEC model.
The power factors are close to those from the TEC and FEA models and slightly less than those from the SEC model.
VII. DISCUSSION
The SEC and TEC models give very disparate results for this design. The SEC model does not accommodate workpiece saturation, while the TEC model can allow for this. Even so, the TEC model results, while much closer to the measured values for the workpieces tested, are still significantly higher than the measured values.
These differences may be explained by the materials having different physical characteristics than the generic values chosen, but also the applicability of using lumped circuit equivalents of open core devices.
The SEC and TEC models are seen to be useful closed form analytical expressions which can easily be programmed using readily available advanced calculators or spreadsheet software. However, their accuracies are such that they yield design guides only rather than definitive performance results.
The Finite Element Analysis yields results much closer to those measured and is preferred. However, such modelling relies on proprietary software which may be more difficult to access, making it less amenable for teaching purposes.
However, it does provide more accurate modelling, at least for the case presented.
One of the purposes of this model comparison is to justify the selection of both the TEC and FEA models to predict the performance of Transduction heaters, a combination of transformer and induction heaters, to be introduced in a separate paper. Transduction heaters have not been modelled using the SEC approach.
VIII. CONCLUSION
This paper presents the low frequency modelling of induction heaters using the SEC and TEC models and also FEA. The performances of the induction heaters from these models are compared to the measured performances of an experimental heater for a variety of sizes of mild steel workpieces.
The calculated performances of the TEC model shows significantly lower values in terms of the current and workpiece losses compared to the SEC model. However, both the SEC and TEC models yield performance measures significantly different from those measured and need refinement to improve their performance predictions.
The FEA model gives much closer values to those measured.
